We extend the Wald solution to a black hole that is also moving at constant velocity. More specifically, we derive analytic solutions for the Maxwell equations for a rotating black hole moving at constant speed in an asymptotically uniform magnetic test field. By adopting Kerr-Schild coordinates we avoid singular behaviours at the horizon and obtain a complete description of the charge and current distributions in terms of the blackhole spin and velocity. Using this solution, we compute the energy losses expected when charged particles are accelerated along the magnetic field lines, improving previous estimates that had to cope with singular electromagnetic fields on the horizon. When used to approximate the emission from binary black holes in a uniform magnetic field, our estimates match reasonably well those from numerical-relativity calculations in the force-free approximation.
I. INTRODUCTION
In 1974 Wald [1] derived the exact solution of the vacuum Maxwell equations in a Kerr spacetime for an asymptotically uniform magnetic field aligned with the rotational axis of the black hole. Although far away from the black hole this solution is described by a uniform magnetic field and by an electric field which scales like 1/r 2 , where r is the distance from the black hole, near the horizon the electric field can be large and comparable with the magnetic one. Since then, the properties of black holes immersed in an external magnetic field have been studied extensively and by several authors, e.g., [2] [3] [4] [5] [6] [7] [8] [9] . Although the vacuum Wald solution has an unscreened parallel electric field which can trigger pair production and drive poloidal currents, the injected charges eventually redistribute along the field lines and screen the parallel electric field, forming a force-free magnetosphere.
On a parallel track, Goldreich and Julian [10] analyzed in 1969 the vacuum solution for a rotating neutron star with a dipolar magnetic field aligned with the rotational axis. They argued that the rotationally-induced electric field was strong enough to pull charged particles from the stellar surface and, thus fill the surrounding space with plasma. Using the forcefree approximation to describe the produced magnetosphere, Michel argued that an electromagnetically-driven wind would carry away rotational energy and angular momentum of the star [11] . Finally, in 1977 Blandford and Znajek [12] realized that the similarity between the vacuum solution for a Kerr black hole and the vacuum solution for a rotating neutron star implied the possibility of generating an electromagnetically driven wind from a rotating black hole, provided that space around the black hole could be filled with plasma. The literature that has developed around this suggestion is too large to be reported here and a useful list of references can be found in [13] .
More recently, attention has been paid to the possibility that a significant electromagnetic signal can be produced during the inspiral and merger of a binary of supermassive black holes. This scenario has been considered both for spacetimes in electrovacuum [14] [15] [16] and for spacetimes filled by a tenuous plasma in the force-free approximation [17] [18] [19] . In particular, it was pointed out in [17] that during the inspiral in a force-free plasma, a dual-jet structure forms, as a generalization of the Blandford-Znajek process to orbiting black holes, where the electromagnetic energy flux is concentrated along the magnetic-field lines. Under these conditions, the electromagnetic energy can accelerate electrons and lead to synchrotron radiation. This picture has been further refined in [20, 21] , where it was shown that a dual-jet structure is present but energetically subdominant with respect to a noncollimated and predominantly quadrupolar emission, which is similar to the one computed when the binary is in electrovacuum. A conclusive answer on whether dual jets can be launched and be used to detect electromagnetic counterparts of the merger of supermassive black holes will require further study and, in particular, a better understanding of the interaction of a rotating black hole as it moves at relativistic speeds in a magnetized and tenuous plasma. This is one of the main motivations behind this work.
More specifically, we derive the analytic solution for the electromagnetic fields in the vicinity of a moving and rotating black hole at first order in the spin. In this respect, we extend not only the Wald solution to the case of moving black holes, but also the recent analysis of Lyutikov [22] , who has considered the electrodynamics of a moving Schwarzschild black hole. Differently from Wald and Lyutikov, however, we adopt a Kerr-Schild metric, thus obtaining solutions which are regular everywhere except at the physical singularity. Using this solution we compute the electromagnetic losses expected when charged particles are accelerated along the magnetic field lines and discuss how these depend on the black hole's spin and linear velocities. Considering a reference supermassive black hole of mass M = 10 8 M , immersed in an external asymptotically uniform magnetic field of the order of 10 4 G, we estimate an electromagnetic luminosity L EM ∼ 10 44 erg s −1 . The paper is organized as follows. In Sect. II we first consider the electromagnetic fields in the vicinity of nonrotating but moving black hole in Kerr-Schild coordinates. Section III generalizes the exact Wald solution for the Kerr black hole to the case of Kerr-Schild coordinates, while Section IV extends the analysis to the most generic case of a moving and rotating black hole. In Sect. V we calculate the energy losses due to currents flowing in the vicinity of the black hole's horizon and discuss the detectability of this emission in the case of a supermassive black hole. Finally, a summary of the results and our conclusions are presented in Sect. VI.
We use a spacetime signature (−, +, +, +), with Greek indices running from 0 to 3 and the Latin indices from 1 to 3. We also employ the standard convention for the summation over repeated indices. Finally, all the quantities are expressed in a system of units in which c = G = 1, unless otherwise stated.
II. MOVING SCHWARZSCHILD BLACK HOLE IN A UNIFORM MAGNETIC FIELD
In order to obtain solutions of the Maxwell equations which are not singular at the horizon, we write the black-hole solution in Kerr-Schild coordinates expressing the line element
in terms of a metric tensor whose nonzero components in spherical polar coordinates are
and where
J being the angular momentum of the black hole with mass M .
As customary when dealing with rotating black holes, we consider zero angular momentum observers (ZAMOs) as those with a future-directed unit vector orthogonal to a t = const hypersurface. The components of the four-velocity for such observers in the Kerr-Schild coordinates at second order in the spin, i.e., at O(a 2 ), are then given by [23, 24] 
where we have introduced the functionsÑ 2 ≡ 1 + 2M /r and N 2 ≡ 1 − 2M /r. A well-known property of ZAMO observers is that, despite having zero angular momentum and thus freely falling towards the black hole, they also rotate around it, dragged by the general rotation of the spacetime.
To simplify the analysis and perform a more direct comparison with the results of Lyutikov [22] , we will consider in this Section the electromagnetic fields in the vicinity of a nonrotating black hole (i.e., with a = 0) as it is moving at constant velocity in an asymptotically uniform magnetic field with velocity β. We note that a similar analysis in Kerr-Schild coordinates was already presented in the Appendix of Ref. [22] , where, however, the φ-components of the electric and magnetic fields were neglected, thus leading to a result which is effectively valid only at first order in the velocity.
Following Lyutikov [22] , we assume the black hole to be immersed in external magnetic field B with value B 0 , which is asymptotically uniform and directed along the z-direction in a Cartesian coordinate system, i.e., B i = B 0 (0, 0, 1) for x i → ∞. We also assume that the black hole is moving at constant speed orthogonally to the magnetic field with velocity v = β in the negative y-direction, i.e., v i = β(0, −1, 0)
1 . An observer comoving with the black hole will measure an electric field E = − v × B which is asymptotically uniform and along the x-direction (hence orthogonal to the magnetic field) and with magnitude
at spatial infinity. Near the black hole, however, the electromagnetic field will be influenced by the spacetime curvature and its form can be found via the solution of the vacuum Maxwell equations
where g is the determinant of the metric tensor, F αβ is the Faraday tensor and can be expressed in terms of the electromagnetic vector potential A α as F αβ ≡ A β ,α − A α ,β , while 1 In practice it is more convenient to use a reference frame comoving with the black hole and hence consider the magnetic field as moving with respect to the black hole. Of course Lorentz invariance guarantees that the two descriptions are equivalent.
the asterisk denotes the dual of the Faraday tensor. Using the asymptotic values of the electromagnetic fields E 0 and B 0 , the covariant components of the vector potential in Kerr-Schild coordinates are (see Appendix A for details)
From these components, it is then possible to compute the Faraday tensor and thus the coordinate components of the electromagnetic fields
where η αβγδ = −(1/ √ −g) αβγδ and αβγδ is the LeviCivita symbol. The corresponding physical components of electromagnetic fields can be found after projecting the electromagnetic field components on the tetrads carried out by the ZAMOs, i.e., through the relations Eα = e βα E β , and
where eβ is the ZAMO tetrad in the slowrotation approximation [see expressions (D2) in Appendix D and Ref. [23, 24] for the full expressions]. A little of algebra then yields
and
Note that in contrast with what happens for Boyer-Linquist coordinates, the electric and magnetic fields have a nonzero covariant φ-component in Kerr-Schild coordinates. Equation (13) , in particular, shows that the φ-component of the electric field contains a term which is proportional to B 0 but not to β and which therefore does not vanish when β = 0. This is related to the fact that ZAMO observers also have a radial motion, which is responsible for the appearance of this electric field even if the black hole is not moving; clearly this term vanishes at infinity. An example of the electromagnetic field structure is shown in Fig. 1 , where the (green) solid and (blue) dashed vector field lines refer to the electric and magnetic fields, respectively, while the horizon is represented as a gray-shaded area. Note that the electric and magnetic fields are orthogonal only asymptotically and thus that a component of the electric field E parallel to the magnetic field is present near the horizon, which can lead to particle acceleration there (see discussion below). Also shown with thick purple lines are the charge separatrixes ρ ind = 0 for the different values of the parameter β in the plane φ = 0. The highest separatrix corresponds to the case β = 0.1, the middle one to the case β = 0.6 and the lowest line to the case β = 1 and these move toward the equatorial plane for growing β. This figure should be compared with the corresponding Fig. 1 of [22] , where the electromagnetic fields are however divergent at the horizon and are not reported inside the black hole 2 Using expressions (11)- (16) we can compute the electromagnetic-field invariants [1]
It is then straightforward to define the electric-field component parallel to the magnetic field as
2 As remarked in [22] , the electric and magnetic fields described by expressions (11)-(16) have the same form after a dual transformation. As a result, a dual solution exists describing a Schwarzschild black hole moving in the −y direction in an asymptotically uniform magnetic field directed along the −x direction; in this case, the electric field E 0 = βB 0 will be directed along the z direction (see Appendix B for details).
and thus the induced charge density necessary to screen this electric field component is
The explicit expressions for the invariants B 2 − E 2 and E · B, for the parallel electric field E and for the induced charge density ρ ind in Kerr-Schild coordinates have already been reported by Lyutikov [22] , which however are incomplete since they do not include the φ-components of the electric and magnetic fields. The corresponding full expressions are presented in Appendix C [cf. Eq. (C1)], while we report below the angular distribution of the induced charge density at first order in the velocity β.
Of particular interest in the function (20) is the "separatrix", namely: the line where the function goes to zero and hence where the charge distribution changes sign. The location of such separatrix is independent of the velocity only when the induced charge distribution is taken at first order in β [cf. Eq. (20)]; however, if the complete expression is considered, then the separatrix is a function of the velocity and moves towards the equatorial plane with increasing
. This is shown with the thick solid lines in Fig. 1 , which refer to velocities β = 0.1, 0.6, 1, respectively. This effect was not remarked in [22] , where only the first-order expression for the induced charge distribution was considered. Also shown in Fig. 1 are the magnetic-field lines (blue lines) and the electric-field lines (green lines), which tend to be orthogonal at sufficient distances from the black hole horizon.
The following Section will be dedicated to extending the analysis carried out here to the case of a spinning black hole in the Kerr-Schild coordinates.
III. WALD SOLUTION IN KERR-SCHILD COORDINATES
As a warm-up exercise, we re-derive the Wald solution [1] in Kerr-Schild coordinates and thus for a stationary black hole, as this will be one of the building blocks to obtain the full solution. Following Wald [1] , we exploit the existence in the spacetime (2) of a timelike Killing vector ξ α (t) and of a spacelike one ξ α (φ) , which reflect the stationarity and the axial symmetry of the black hole solution and such that they satisfy the Killing equation
Following again Wald [1] , we can use Eq. (21) and the tensor identity
where R δαβγ is the Riemann curvature tensor, to obtain
where we have permuted cyclically the indices and added the resulting equations after exploiting the symmetries of the Riemann tensor. Because the right-hand side of Eq. (23) vanishes in vacuum, we obtain a wave equation for the Killing vector ξ α . Since a Killing vector generates a solution of the Maxwell equations, we set the vector potential to be a linear combination of the Killing vectors
and it is then easy to show that (24) is a solution of the Maxwell equations F µν ;ν = 0 and that
Using the ansatz (24), the integration constant C 3 is found from the requirement that the black hole is immersed into an asymptotically uniform magnetic field, which is parallel to its axis of rotation. This procedure was adopted by Wald in [1] using Boyer-Lindquist coordinates and of course it can be applied also in the case of Kerr-Schild coordinates. More specifically, once the z-component of the magnetic field is evaluated in the orthonormal basis of a ZAMO observer at spatial infinity, it is sufficient to require that this value is equal to B 0 to obtain the integration constant as
The remaining integration constant can instead be found after imposing charge neutrality as evaluated through a surface integral across a spherical surface at spatial infinity, i.e.,
where dS αβ is the infinitesimal element on the 2-sphere. Fortunately, the two integrals in (25) have simple analytic solutions, namely [25] :
so that it is then straightforward to derive that C 2 = aB 0 .
With the integration constants known, the explicit expressions for the the covariant component of the 4-vector potential A α will take the form
Using equations (24) and (27) it is also possible to compute what is the maximum charge that the black hole can support, following the arguments already given in [1] . In particular, it is sufficient to recall that the electrostatic energy of a particle with charge q e in the vicinity of the black hole is simply given by q e A µ ξ µ (t) . Because the Killing vector ξ µ (t) becomes spacelike inside the ergoregion defined by g tt = 0, it is more convenient to introduce a new Killing vector which is regular at the horizon [6, 26] 
where
The change in the electrostatic energy of the charged particle as it falls from infinity down to the black-hole horizon is thus given by
where the indices h and ∞ refer to quantities evaluated at the horizon and at infinity, respectively. Assuming now that the black hole is not electrically neutral, but instead possesses the net electric charge Q, Eq. (32) would have to be modified to add for the additional electrostatic contribution induced by the black hole's charge, i.e.,
At equilibrium, = 0, so that it is possible to deduce the upper limit for test electric charge as accreted by the rotating black hole as [1]
Clearly, this charge vanishes for a nonrotating black hole.
Collecting things together we deduce that the nonvanishing components of the Faraday tensor are then given by
At this point it is straightforward to compute the expressions for the orthonormal components of the electromagnetic fields measured by the ZAMO observers. Using the four-velocity components (4a)-(4b), which are at first order in the spin parameter, the electric field will be given by
while the magnetic field components will be given by
where Ξ ≡ (a 2 + 2r 2 + a 2 cos 2θ). It is then easy to recognize that the geometric structure of the electric field is complex and with a non trivial dependence from the black-hole's angular momentum a. The radial and polar components of the electric field are due to the dragging of inertial frames and the φ-component is due to the radial fall of ZAMO observer in the Kerr-Schild coordinates. In the limit of a flat spacetime, i.e., for M/r → 0, and M a/r 2 → 0, expressions (40)- (44) give
which coincide with the solutions for the homogeneous magnetic field in a Minkowski spacetime. Also, we have checked that the expression (40)-(44) satisfy the Maxwell equations (6a)-(6b).
IV. MOVING WALD SOLUTION IN KERR-SCHILD COORDINATES
We next consider the solution of the Maxwell equations for a moving and spinning black hole, thus extending the solutions of Wald and Lyutikov to the most generic case. For simplicity, we will consider the black-hole spin axis to be along the z-direction (the same direction of the asymptotically uniform magnetic field) and its velocity to be instead in the negative y-direction; more generic configurations can be easily derived but would only introduce additional trigonometric corrections. In addition, to keep the expressions in a compact form, we will consider the black-hole metric in the slow-rotation approximation, that is, at first-order in the spin parameter a. In this case, the metric functions (2) reduce to
To obtain the moving Wald solution in Kerr-Schild coordinates, we exploit the linearity of electromagnetic equations and write the solution of Maxwell equations in the spacetime (2) as the superposition of the Wald solution discussed above with the one relative to a moving black hole (7)- (9), so that the covariant components of the vector potential can be written as
where we recall that E 0 = βB 0 is the electric field measured by an observer comoving with the black hole and the axial symmetry is clearly broken through the new dependence on the azimuthal angle φ. Using the expressions (48) for the vector potential, we next derive the expressions for the magnetic and electric field as measured by the ZAMO observers for a moving Kerr black hole at first order in the spin. The starting point is the calculation of the nonzero components of the Faraday tensor, which a bit of algebra reveal to be
where we have retained terms O(a) and O(β), neglecting terms O(a 2 ), O(β 2 ) and O(aβ). The physical components of the electric and magnetic fields are again obtained after projecting on the ZAMOs tetrads and are given by
for the magnetic field (we recall that E 0 ≡ βB 0 ) and by
for the electric field. Similarly, the expressions for the electromagnetic field invariants E 2 − B 2 and E · B take the form
while the expressions for the parallel electric field E and for the charge density ρ ind can be calculated to be respectively
Note that in addition to the lowest-order terms, the invariant 
Note that although the axial symmetry is broken by the presence of a velocity, reflection symmetries are still present with respect to the (x, z) plane and to the (x, y) plane. Similarly, Fig. 3 shows the position of the surfaces at which | E| = | B| for the same values of the parameters a/M and β selected in Fig. 2 . Note that the reflection symmetry across the (y, z) plane is lost as soon as the black hole is rotating (i.e., for a = 0), but that the reflection symmetries with respect to the (x, z) and (x, y) planes remain.
Finally, in Fig. 4 we show the induced charge density ρ ind for the same set of parameters a/M and β used in the previous two figures. More specifically, the upper row refers to a projection in the (x, z) plane and where we have indicated with a solid black line the black-hole horizon. The bottom row is the same as the top one but with a projection in (x, y) plane and we have indicated with a magenta solid line the separatrix E = 0. Note that in all panels the areas in white correspond to regions with zero induced charges and thus separate two domains with opposite charges (we have indicated with blue regions of positive charges and with red regions of negative charges). Note also that the velocity-induced corrections are generically the most important ones, with the charge density assuming its maximum values in the equatorial plane and that the spin-induced corrections are evident only for comparatively small values of the velocity (cf. the first two panels of Fig. 4 . Finally, we note that the use of the Kerr-Schild coordinates allows us to have a complete and regular description of the charge distribution even inside the event horizon, in contrast with the results of [22] , where the distribution was singular at the horizon. This is highlighted in Fig. 5 , which shows a magnification of the projections on the (x, y) plane of the induced charge-density distribution on the event horizon. The colormaps are the same as in Fig. 4 but shown with a linear colorscale to highlight the small-scale variations. The two panels refer to the last two columns in Fig. 4 and we have indicated with magenta solid line separatrixes E = 0. An additional discussion of this figure will be made also in the following Section.
V. ELECTROMAGNETIC ENERGY LOSSES
In the scenario considered here, all of the magnetic field lines threading the horizon of the moving and rotating black hole are connected to infinity. Under these conditions, winds of charged particles can be produced and flow along the magnetic field lines, being accelerated by the electric-field components parallel to the magnetic-field lines. The origin of the particles in the wind is still a matter of debate, but as discussed in Ref. [22] , it is possible that the potential gap in the vicinity of the black hole is large enough for the creation of particles due to electron-positron cascades. Alternatively, any stray charged particle orbiting near the black hole could be accelerated to high Lorentz factors by the large electric fields and thus be able to produce pairs. If the acceleration of charged particles and a cascade via pair generation takes place in the vicinity of the black hole, it may build up a plasma magnetosphere. Obviously, the charge density and the velocity distribution of the magnetospheric plasma cannot be described accurately within our approach, but we can exploit the analogies with the physics of pulsar magnetosphere. We can therefore estimate ρ ind as the induced charge density needed in order to screen the parallel component of electric field 3 . Furthermore, assuming that the charged particles are rapidly accelerated up to relativistic velocities, we can take as modulus of the current density in the black hole magnetosphere the upper limit cρ ind . These estimates are clearly very crude and analogous to those made in Ref. [22] , but are useful as they provide us with a bulk reference current through which we can estimate the electromagnetic energy losses within the membrane paradigm [27] . As we will discuss later on, a comparison with numerical-relativity calculations shows that the error associated to this approximation is only of a factor of a few.
We recall that the membrane paradigm of black-holes electrodynamics represents an elegant and very useful approach in which relativistic black-hole electrodynamics resembles classical electrodynamics [27] . In particular, the membrane paradigm considers the extended horizon of the black hole as a conducting sphere which is endowed with physical properties, such as a surface resistivity, a surface charge and a current density. Although this is only an effective construction, the membrane paradigm serves as a useful physical guideline, providing the interpretation of the complex phenomena taking place in the vicinity of black holes (see [28] for a recent comparison between the membrane-paradigm description of the Blandford-Znajek mechanism and the results of generalrelativistic magnetohydrodynamical simulations).
In order to estimate the electromagnetic energy losses it is important to know the distribution of the charges and currents in and out of the black-hole magnetosphere and, in particular, the location of the surfaces where E = 0 or ρ ind = 0. These surfaces, in fact, divide the space in domains where electric currents of different sign are nonzero and of variable intensity. As a result, the two-dimensional surfaces with E = 0 and ρ ind = 0 mark the separation between regions with currents in different directions and charges of opposite signs, respectively. Such surfaces are simply obtained from Eqs. (63) and (64) 
In the limiting case when a = 0, β = 0, the first of Eqs. (65) divides the space into four quadrants, while the second one simply marks the equatorial plane (i.e., cos θ = 0); similarly, when a = 0, β = 0, the first of Eqs. (65) marks conical surfaces in the upper and lower hemispheres (i.e., 1 + 3 cos 2θ = 0). In the more general case of nonzero values for a and β, the surface with E = 0 is rather complex, but it represents, overall, the transition between these two limiting cases. It should be noted that the different scaling with radius of the spin-induced contributions (that decrease like 1/r 3 ) and of the velocity-induced contributions (that decrease like 1/r
2 ) is such that the former are important only in the vicinity of the black hole. At large distances, therefore, the shape of the separating surfaces will be quite similar to the case of nonrotating black holes discussed in Ref. [22] . Figure 6 reports the electric field E in the (x, z) plane and for the same values of the parameters a and β used in the previous figures. More specifically, the arrows show the direction of the parallel electric field lines, while the black solid line marks the position of the horizon. Violet colors refer to regions where the electric field is in the same direction as the magnetic field lines, while the magenta colors show the opposite; in either case, the reported colormaps can be used to deduce the strength of the field. As remarked for the induced charge density, also the induced parallel electric field is most sensitive to the velocity of the black hole and the qualitative features of the solution do not change appreciably for β 0.5. This is more evident for the electric field distribution in the (y, z) plane, which is shown in Fig. 7 , and where we report only the solutions corresponding to the last two panels of Fig. 6 ; these field structures are essentially insensitive to further increases in the velocity.
We should note that when considering the x = 0 plane, i.e., for φ = π/2, the first of Eqs. (65) loses its dependence on β and thus the position of the separating surfaces E = 0 in this plane remains the same as in the left panel of Fig. 7 for any nonzero a and any β. Furthermore, when a = 0, the x = 0 plane contains the separatrix and thus E = 0 on this plane. In order to show a nonzero parallel field, the right panel of Fig. 7 refers to a (y, z) plane at x = 0.3 M .
For arbitrary values of a and β, the position of the separatrixes will be such that each hemisphere will be divided on four domains with different directions of the electric currents. In order to estimate the energy losses within a membraneparadigm approach, it is necessary to have the values of the currents close to the horizon. In contrast with Ref. [22] , this is not problematic to do here, since our use of Kerr-Schild coordinates implies that we can consider and integrate necessary quantities directly at the horizon, as none of the equations discussed in the previous sections is singular there. In particular, at the horizon the induced charge density is equal to
and the separatrixes are given by
and 15a sin 6 θ + 4βM cos φ sin 5 θ − 71a sin 4 θ (69) −44βM cos φ sin 3 θ + 70a sin 2 θ +32βM cos φ sin θ − 16a = 0 . 
Equation (70) has two distinct solutions only for β ≥ a/4M ; for velocities that are instead β < a/4M , a separatrix for the charge density ρ ind still exists but is not contained in the equatorial plane. As can be seen from Eq. (68), and in the left panel of Fig. 5 , the separatrix E = 0 intersects the equatorial plane in the same points. Let us now go back to the calculation of the luminosity by taking the integral of the current density cρ ind at the horizon [see also Eq. (25) of [22] ]
to find the current that flows within each domain restricted by the surfaces with E = 0 and ρ ind = 0, with φ 1,2 and θ 1,2 describing the boundaries of these domains. A schematic diagram illustrating the different integration domains as projected in the (x, y) plane is shown in Fig. 8 , where the rotating black hole has the spin along the positive z direction and is moving in the negative y-direction. Interestingly, the integration in the θ-direction can be taken analytically to obtain the expression 
This equation extends Eq. (25) of Ref. [22] to the case of a black hole that is also spinning. It should be noted, however, that in Eq. (25) of [22] , the integration is performed only in the quadrant restricted by the condition E = 0 and that the separatrixes for the induced charge density ρ ind are neglected. Equation (72), on the other hand, takes into account both signs of the parallel electric field E and the induced charge density ρ ind . The integration of (72) in the φ-direction can only be achieved numerically to obtain the values of the four currents, I 1 , I 2 , I 3 and I 4 flowing in four domains of the upper hemisphere (cf. Fig. 8) . Adopting now the physical description proposed in the membrane paradigm [27] , the surface resistivity of a black-hole horizon is ∼ 4π, so that we can estimate that each of the four currents I j with j = 1, . . . 4, will be responsible for electromagnetic energy losses of the order of 4πI 2 j . Summing these contributions we readily obtain the electromagnetic losses as a function of the spin parameter and black-hole velocity, i.e.,
where additional factor 2 is the result of the symmetry between upper and lower hemispheres.
To fix ideas and after considering a reference magnetic field B = 10 4 G, we report below the estimates for the electromagnetic losses relative to some representative cases, e.g., for a non-spinning but moving black hole
or for a stationary but rotating black hole is rather robust and does not depend sensitively on the specific values of a/M and β. The general behaviour of the electromagnetic losses as a function of spin and velocity is shown in Fig. 9 , which reports the logarithm of the luminosity (73) for different values of a/M and β; clearly, because of the perturbative nature of our approach, the estimates for a/M 1 and β 1 should be taken as indicative only. It should be noted that for a system with equal values of β and a (as it is possible, for instance, in the case of black-hole binaries), the contribution of the linear velocity will be larger than that of the angular momentum. This may be explained intuitively if one assumes that both in the case of a spinning black hole and of a moving one what is relevant is the relative velocity between the magnetic field lines and the horizon. Under this assumption, it is easy to realize that even for maximally rotating black holes, the linear velocity of the horizon is far smaller than the speed of light and hence the spin-induced contributions are at most a fraction of those coming from the linear motion. A similar conclusion, namely that linearly moving black holes lose more energy than spinning ones, was also reached in Ref. [19] , where numerical-relativity calculations were carried out for moving and spinning black holes in a force-free plasma. Of course, from an astrophysical point of view it is probably easier to produce black holes that are close to being maximally spinning than black holes that are moving near the speed of light.
As a validation of the robustness of the estimates in expressions (74)-(76), we can compare them with the electromagnetic losses derived in terms of the Poynting flux computed from numerical simulations of the merger of binary black holes in a force free plasma [18, 21] . Of course, this comparison should be taken with some care, since expression (73) for the energy losses is obtained using the expression for the induced charge density which, in turn, is derived from the electrovacuum solutions for the electromagnetic fields (55) and (58). The presence of a plasma magnetosphere, as the one emerging from the numerical simulations, changes the structure of the electromagnetic fields around the black hole as the currents generated by the charged particles will create additional components of the magnetic and electric fields, possibly screening the component of the electric field parallel to the magnetic one. Bearing this in mind and assuming that the energy losses from the binary system of black holes to be a sum of the losses from the individual black holes, it is interesting to note that the estimate in (76) is only a factor three larger than the one computed in Ref. [21] during the inspiral of binary system of black-hole within a force-free plasma; a similar but slightly worse agreement is obtained also when comparing with the results in Ref. [18] . This agreement is of course reassuring, but is mostly the result of the fact that our luminosity estimate (76) has the right scaling properties with mass and magnetic field, rather than the same level of accuracy of the numerical simulations.
VI. CONCLUSIONS
We have derived analytic solutions for the structure of test electromagnetic fields in the vicinity of a rotating black hole that is also moving at constant speed with respect to an asymptotically uniform magnetic field aligned with the black-hole spin. In practice, this represents the extension to a moving black hole of the classical solution found in 1974 by Wald [1] for a spinning black hole in a uniform magnetic field. In order to avoid singularities at the black-hole horizon we have employed Kerr-Schild coordinates instead of the BoyerLindquist coordinates that have been adopted in recent and related work [22] .
Overall, the electromagnetic fields found can be seen as the linear combination of a contribution coming from the translational motion of black hole relative to the magnetic field, together with a contribution coming from the black-hole rotation and thus ultimately from the dragging of inertial frames in the Kerr spacetime. These latter contributions decay more rapidly with the distance from the black hole than those due to the black-hole velocity. As a result, at large distances from the black hole, the structure of the electromagnetic fields, i.e., the component of the electric field parallel to the magnetic field and the induced charge density necessary to screen this component, are rather similar to those described in Ref. [22] , where a moving Schwarzschild black hole was considered.
After adopting a membrane-paradigm description of the electrodynamics of moving and spinning black holes [27] , we could estimate the electromagnetic energy losses by computing the currents that would develop on the black-hole horizon as a function of its spin and velocity. Our choice of coordinates was particularly useful for this task, as none of the electromagnetic fields that we have derived is singular at the horizon, in contrast with what would happen if more standard Boyer-Lindquist coordinates were used [22] . Not surprisingly, we find that the electromagnetic losses depend quadratically on the black-hole dimensionless spin a/M and on the velocity velocity β. However, we find that the energy losses due to the spin are considerably smaller than those due to the translational motion; this is in qualitative agreement with the conclusions reached in Ref. [19] , who carried out numericalrelativity calculations of moving and spinning black holes in a force-free plasma.
All things considered, an order-of-magnitude estimate for the electromagnetic luminosity that would be produced by such an object is L EM ∼ 10 44 erg s −1 , and this seems to be rather robust and does not depend sensitively on the specific values of a/M and β. Interestingly, this estimate is only a factor three larger than the one computed during the inspiral of a binary system of black holes in the force-free approximation [18, 21] . This agreement is mostly due to the correct scaling of our estimate with mass and magnetic field, but it highlights that analytic and more idealized modelling of the electrodynamics of rotating black holes in magnetic fields can be useful approach to model, at least qualitatively, much more complex and realistic scenarios. In the following we sketch the procedure we have followed to derive the solutions of the Maxwell equations for a black hole moving in a magnetic field. We start by considering a spherical polar coordinate system (t, r, θ, φ) in which we rewrite the Schwarzschild metric as
In such a background spacetime, the vacuum Maxwell equations (6a)-(6b) become where θ and θ are angles with respect to the axes aligned with the electric and magnetic fields at infinity (see [22] for a These considerations have been made for a set of spherical polar coordinates to the which, for instance, the BoyerLindquist coordinates tend to at large distances. To obtain instead the components of the vector potential A µ in Kerr-Schild coordinates it is necessary to use the transformation matrix between the two coordinate systems. Calculating the components of the transformation matrix is tedious but straightforward, especially if one bears in mind that that the coordinates r and θ are the same in the Boyer-Lindquist (BL) and KerrSchild coordinate systems (KS), i.e., 
so that the corresponding diagonal components are equal to one. Indeed, all of the diagonal components of the transformation matrix are equal to one. On the other hand, the only nonzero off-diagonal components are (see, e.g., [30] )
Because of the identities (A11), the components of the vector potential A t and A φ from equations (A7) and (A10) in Boyer-Lindquist coordinates are the same also in Kerr-Schild coordinates. On the other hand, the components A µ in the Kerr-Schild coordinates may be obtained from them lowering indexes with the help of the metric (2) when a = 0.
When the black hole is moving in the negative y-direction and orthogonally to the uniform magnetic field in the zdirection, a comoving observer will measure an electric field which is uniform at infinity and directed along the x-axis. The angle θ in Eqs. (A2) and (A10) represents the polar angle with respect to the asymptotic electric field (i.e., the x-axis in our case). To transform the expressions to the polar spherical coordinate system used in the rest of the paper and in which the polar axis is along the asymptotic magnetic field, one needs to apply the transformation cos θ = sin θ cos φ, resulting in Eq. (7) (see also the discussion in Ref. [22] ).
Appendix B: Dual transformation of the vacuum Maxwell equations
Following [22] , it is easy to show that electric and magnetic fields given respectively by expressions (11)- (13) and (14)- (16) have the identical structure. To demonstrate this, we start from (11)- (13) and find the corresponding components of the electric field in the Cartesian system of coordinates Now we can introduce another Cartesian system of coordinates (x , y , z ) such that −x →ẑ ,ẑ →x ,ŷ →ŷ , and associate with it a spherical system of coordinates (r , θ , φ ) with r = r. It follows that the following relations hold between the angles cos θ = − sin θ cos φ , sin θ cos φ = cos θ , sin θ sin φ = sin θ sin φ , while the components of the electric field satisfy Ex = Eẑ , Eŷ = Eŷ , (B2) Eẑ = −Ex .
Performing now the transformation to the "primed" spherical coordinates 
Comparing these components with expressions (14)- (16) for the magnetic field, it is clear that the electric field has the same structure with respect to the x-axis as the magnetic field with respect to the z-axis. Thus, as remarked in the footnote 2, the dual solution to (11)-(16) describes a Schwarzschild black hole moving in the −y direction in an asymptotically uniform magnetic field directed along the −x direction. 
